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Abstract

In this paper we will prove new extrinsic upper bounds for the eigenvalues of the Dirac operator
on an isometrically immersed surface M2 <> R? as well as intrinsic bounds for two-dimensional
compact manifolds of genus zero and genus one. Moreover, we compare the different estimates of
the eigenvalue of the Dirac operator for special families of metrics. © 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction

The Dirac operator D acting on spinor fields defined over a two-dimensional, compact,
oriented Riemannian manifold (M?, g) with a fixed spin structure has a non-trivial kernel in
general. Therefore, lower bounds for the eigenvalues of D are not known in case the genus
of M? is positive. The genus zero case is an exceptional one: using the uniformization
theorem for simply connected Riemann surfaces, we conclude that any metric g on § 2 s
conformally equivalent to the standard metric g, of S2. Since the dimension of the space
of all harmonic spinors depends on the conformal structure only, it turns out that, for any

* Supported by the SFB 288 of the DFG.
* Corresponding author. E-mail: agricola@mathematik.hu-berlin.de
! E-mail: friedric @mathematik.hu.berlin.de

0393-0440/99/$ — see front matter © 1999 Elsevier Science B.V. All rights reserved
PIT1: $0393-0440(98)00032-1



2 I Agricola, T. Friedrich/Journal of Geometry and Physics 30 (1999) 1-22

metric g on S2, there are no harmonic spinors. This observation yields a lower bound for
the first eigenvalue A% of D? proved by Lott and Bir: the inequality

47[ 2
- _<_ )‘l
vol(S?, g)

holds for any Riemannian metric on S? (see [2,12]).

On the other hand, several upper bounds for )\f depending on different geometric data are
known. Intrinsic upper bounds involving the injectivity radius and the Gaussian curvature
have been obtained by Baum [6] and Bir [3]. In case the Riemannian surface (M 2 g)is
isometrically immersed into the three-dimensional Euclidean space R3, one has extrinsic
upper bounds depending on the C%-norm of the principal curvatures 1, «; of the surface
(see [6]). Denote by H = (x| + «2)/2 the mean curvature. Then the following estimate for
)\f depending on the L2-norm of the mean curvature H is well known (see [4,7]):

2 2
2 _ Jy2 H dM
"= vol(M2,g)

In the present paper we will prove stronger extrinsic upper bounds for Af in case of an
isometrically immersed surface M> <> R of arbritrary genus as well as an intrinsic upper
bound for genus zero and genus one. Moreover, we will compare the different estimates of
the eigenvalue of the Dirac operator for special families of metrics.

The extrinsic upper bound in case of a surface isometrically immersed into R*> depends
on a smooth function f : M? - R.

Theorem 1. The first eigenvalue )\% of the square of the Dirac operator on a surface
M? < R? is bounded by

faz H>f2dM? + [,,» |grad fI?dM?
fM2 frdm? ’

A<

where f : M?> — R is a smooth function.

Suppose now that (M2, g) is a two-dimensional Riemannian manifold diffeomorphic to
52. Denote by g, the standard metric of S2. Then there exists a uniformization map, i.e., a
conformal diffeomorphism @ : §2 — MZ. Let us introduce the function he - ST > R by
the formula

P*(g) = hsg,.

The set U(S?, M?) of all uniformization maps preserving the orientation can be para-
metrized by the elements of the connected component of the group of all conformal diffeo-
morphisms of $2, i.e., U(S%, M?) ~ SL(2, C). We introduce a new invariant S?ir(Mz, g)
defined in a similar way as the conformal volume of a Riemann surface (see [11]):
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8PN (M?, g) = inf

d(he)[?
/MdSZ ® € US?, M?)

The vector field grad(he) is the gradient of the function ke : S — R with respect to
the standard metric of 52.

Theorem 2. Let (M?, g) be a two-dimensional Riemannian manifold diffeomorphic to the
sphere S°. Then

2 4z - sDIf(M?, g)
=7 vol(M2,g) T vol(M2,g)

holds.

The same method applies to Riemannian metrics on the two-dimensional torus 7~. The
spin structures of T2 are described by pairs (¢, £2) of numbers &; = 0, 1, the trivial spin
structure corresponding to the pair (g1, 2) = (0, 0). Let I" be a lattice in R? with basis
v, v2 and denote by vl R v2 the dual basis of the dual lattice I"*. We will compare the flat
metric g, on the torus T2 = R2/I” to a conformally equivalent metric g = h*g,,.

Theorem 3. Let (M?, g) be a two-dimensional Riemannian manifold conformally equiva-
lent to the flat torus T and equipped with the trivial spin structure. Then the Dirac operator
on (M?, g) has a two-dimensional kernel. Moreover; the first positive eigenvalue A%( g)of
D? on (M?, g) is bounded by

o) < Jr2 (M3(g0) + (4/hP)|grad (h)[}(1/h®) dT?
e [72(1/h)dT? '

Theorem 4. Let (M?, g) be a two-dimensional Riemannian manifold conformally equiva-
lent to the flat torus T2. In case the spin structure (g1, £2) # (0, 0) is non-trivial, the Dirac
operator has a trivial kernel and A%( D) is bounded by

2 (1/h5)dT-
)\%(D) <x? |€1v| + ezvzl“ &—2——
sz h dT"

Moreover, the inequality

23Dy vol (M2, g) < A3(g,) vol (T2, go) + / Md
T-
with

5 lejv} +£2v§|2

TSR — wt, 03)

Al(go) Vol (T2, gp) =7

holds.
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We shall apply the previous results to two families of surfaces of special interest. Let us
first consider the ellipsoid

2
z
E(a) = {(x,y,z) €R3:x2+y2+a—2 = 1].

A calculation of the volume yields that the lower bound 4 /vol (E (a)) for A% (@)isa
monotone decreasing function of the parameter a:

. 4 . 4
lim — =2, lim —— =
a—0 vol (E (a)) a—o0 vol (E(a))

Using the upper bounds for A%(a) already known, we cannot control the behaviour of
A% (a) for small or large values of the parameter a. For example, the L?-bound given by the
mean curvature H has the following limits:

Jew H?dE(a) 1

Jew H?AE@) .
im —— =00, Ilm —W = —.
a—0  vol(E(a)) a—oc  vol (E(a)) 2

Now, a combination of our stronger extrinsic and intrinsic upper bounds for the first
eigenvalue of the Dirac operator yields the following improvement for the ellipsoid:

Theorem 5. The first eigenvalue A% of D? on the ellipsoid E(a) satisfies
(1) 2 <lim,oAr(@ <3 +In2~22;
(2) limy— corf(@) < 3.

In the last part of this paper we apply our estimates to a tube of radius r around a circle of
curvature k, i.e., a “round” torus. Parametrizing the spin structure as before, the inequalities
for A% (x, r) allow us to prove, in particular,

linbk%(/c, ryvol (i, r) = lin}) A%(/c, ryvol(k,r) =0
r— K—

for the spin structure (g, £2) = (1, 0) and

lim 3} e, r) vol (k. ) < 7
re—

for the spin structure (¢, £2) = (0, 1) (for these two spin structures, no upper bounds were
available before). However, they turn out to yield no improvement for the induced spin
structure (g1, €2) = (1, 1); thus, in this case, the classical bound involving the integral over
H? divided by the volume is still the best one available.

For a conformal change of the Riemannian metric g = h*g, on a surface, one easily
proves the following C%-estimate for the first non-vanishing eigenvalue A% (g) of the Dirac
operator (see for example [1, Theorem 4.3.1]):

2 2
A1(g0) < A%(g) < A](go).
hgwx a TRl
min
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Table 1
g1=0=¢ gr=1=g g1 =1,e=0 g1=0e=1
lim, ¢ )\%(r.x) K2 00 %Kz oo
lim, o A% (r. &) 0 1/4r? 0 1/4r>
lim,, ¢ k% vol (r. «) 0 o0 0 o0

Altogether, one obtains the asymptotic behaviour for A%(g) on a tube of radius r around
a circle with curvature « as shown in Table 1.

2. Extrinsic upper bounds

Let M? be a compact, oriented surface isometrically immersed into the Euclidean space
R? and denote by N(m) the unit normal vector of M? at the point m € M?. The restriction
@ 42 of a spinor field @ defined on R? is a spinor field on the surface M>. Let & be a
parallel spinor on R3. Then the spinor field

¢ =31 —D)Ppz + H1+DN- By
is of constant length on M? and satisfies the two-dimensional Dirac equation
D(¢™) = Ho",

where H denotes the mean curvature of the surface (see [10]). Thus, starting with two
parallel spinors @1, ¥, with

@) =|P2l=1 and (P, P2) =0,
we obtain two solutions qof, (p; of the Dirac equation
D}y=Hy,, a=1,2

such that |p}(m)| = |@3(m)| = 1 and (@] (m), p3(m)) = 0 holds at any point m € M>.
Given a real-valued function f : M? — R we consider the spinor field

v = fo;.

After applying the Dirac operator to :
D(y) = Hy + grad (f) - ¢},

a direct calculation yields the formula
ID@H) = H? f* + |grad ().

In this case the Rayleigh quotient coincides with
[ IDAOP [y Hf2dM? + [yolgrad (51 dM?
5 = .
o W1 [y dM2

Finally, we have proved Theorem 1.
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3. Intrinsic upper bounds for a surface diffeomorphic to SZorT?

Let (M 2 g,) be a compact, oriented two-dimensional Riemannian spin manifold and
denote by D, its Dirac operator. Moreover, consider a conformally equivalent metric
g = h4g(,.
The corresponding Dirac operator D is related with D, by the formula (see [5]):

1 grad (h)
D = 'h—an + h3 .

Consequently, the equation D () = Ay is equivalent to
1
Do(y) = Ah*y — Sgrad(h) - ¥

For any spinor field ¥ we compute the L?-norm of D(y):

/ |D(y)|* dM?

M2
dm)?
=/[ID(;(W)I2+MI¢|2 —Re(grad(h) ¥, Do (w))]de.
M2

Suppose now that i is an eigenspinor of the Dirac operator D, with eigenvalue A;. Then
Re (grad (k) - ¥, D,(¥)) = 0 and we obtain the formula

2
/|D<w)|2dM2=/{A$+'gm‘,‘1#}w|2dM3.

M2 M?
Hence, the first eigenvalue A% (D) of the Dirac operator is bounded by

A3(D) < inf inf 2 {2 + (Igrad (W) > /hDY ¥ ? dM?
1 - A; Dn('ﬁ)=)\i¢ sz Il//'|2h4 dMg .

Let us now discuss the special case that (M 2 8o) is the two-dimensional sphere with its
standard metric and g a conformally equivalent metric. The first eigenvalue of the Dirac
operator on S° is A; = 1. Moreover, the corresponding eigenspinor v is a real Killing
spinor satisfying the differential equation

Vx()=—3X ¥, XeT(S).
In particular, the length of ¥ is constant and we obtain the inequality

4r [ (lgrad (h)|>/h?)dS?

A3(D) <
1(D) = vol (82, g) vol (82, g)
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Starting with a surface (M, g) diffeomorphic to S, the latter inequality holds for any
uniformization, i.e., for any conformal diffeomorphism @ : $? — M? such that P (g) =
h“;'b 8o- In particular, we have proved Theorem 2.

Remark 6. For any conformal diffeomorphism W € SL(2,C) of the two-dimensional
sphere S* we denote by hy : S° — R the function defined by the equation

U (g0) = hy go.

Let f : 8 — R be a smooth function. Then we define the number

8P () = inf / \grad( f o ¥) + grad(log(hy ))|>dS>: ¥ € SL(2,C)

S2

In case of a uniformization @ : S* — M? such that ®*(g) = hég(,, we have

d(he)|? 2
/Mdsz:’/.|grad(10g(hd>))|2d5h
52 K

$2
and, consequently, for the quantity 82" (M 2 g) defined in Section 1, the relation

8PT(M?, g) = 6P (log(ho)).

We now consider the case that (M?, g) is the flat torus T2 = (R?/T, g,,) given by a lattice
I" in R? with trivial spin structure. In this case there are two parallel spinor fields ¢ and
¢~ of constant length and the first non-trivial eigenvalue Af( g,) of the square of the Dirac
D,, operator on T~ is

)\%(g,,) = 472 rnin{|v*l2:0 £v* e},

where I'* denotes the dual lattice (see [8]). Suppose now that g is a metric on M 2 confor-
mally equivalent to g,, g = h*g,. Then the kernel of the corresponding Dirac operator is
again two-dimensional and spanned by the spinor fields (1/4)¢™", (1/h)¢ . Fix a spinor
field v such that D,(y) = A1(g,)¥. Then the length of ¥ is constant, i.e.. |¢y| = 1. The
spinor field * = 4/ h* is orthogonal to the kernel of the Dirac operator D with respect to
the L2-norm of the metric g. Indeed, we have

1 1 1 , -
J (ko= (o
M- T

1 + >

- D, ’ dr-

Al(g,»f( W.¢7)
72

1 ,
.D,(¢*)) dT- = 0.
Al(g,,)[(w ¢
TA
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This observation yields the inequality

5 [ig2 |D@|? dM?
Aig) <
fag2 1¥*12 dM2

for the first non-trivial eigenvalue of D? on (M?, g). Moreover, we have

fwf 2dmM? = f Lpsare = fh—12dT2

72

and

f |D(y*)|* dM?

d(m)|? 2
f{ID @I+ = lgra ( ) =yt 4+ Re(grad(h)llf Do(y* ))}de

Since the equation

Do(B*Y™*) = Do(¥) = M1 (go)¥ = A1(go)h*¥*
can be rewritten in the form

D,(¥*) = A1 (go)¥* — % grad (h)y*,
we obtain the formulas

%Re (grad (R)y*, Do(¥*)) = —,f—z |grad (h)|*|y*|
and

ID,(¥)I* = {A%(go) + h% |grad (h)|2} VAl

Altogether, this implies

4 1
f DO dM? = f [A%(ga)+ﬁ Igrad(h)I2] 54T’
2 T2

and it proves Theorem 3, in particular.

Let us now consider the case that the spin structure on (M?, g) ~

T2 is non-trivial. Then

the Dirac operator has no kernel and the eigenspinors of the Dirac operator D, on 72 are
again of constant length (see [8]). Then our method provides the inequality

A1(8o) Vol (T2, g,)  [r2(Igrad(h)|?/h?)dT?

A(g) <
@) = =T 9 vol (M2, g)
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The Gaussian curvature G of the metric g is given by
h*G = —2A(log(h)),

where A denotes the Laplacian with respect to the flat metric. We integrate this latter
equation:

|grad(h)|?

5 dT?,

/ G -log(h)dM? = /h4G log(h)dT? = =2
M2 T2 T2
thus obtaining
A1(g0) Vol (T2, g,) 1 i G - log(h) dM?

A2(g) <
1(8) < vol (M2, g) 2 vol (M2, g)

where G denotes the Gaussian curvature of (M2, g).
However, we can use a more delicate comparison for the Dirac operator depending on the
spin structure (g1, &2). Consider the dual lattice /™ with basis v}, v as well as the 1-form

w = mi(dx, dy) - (e1v] + &203).

The Dirac operator D¢! £2) corresponding to the spin structure (g1, £2) on (M 2, g) is related
to the Dirac operator D for the trivial spin structure by

D¥*) = D +ir,

where the vector field ¢ is dual with respect to the metric g to the 1-form w (see [8]). Let ¢ ™
be the parallel spinor field with respect to the flat metric. Then ¥ = (1/h)¢™ is a harmonic
Spinor on (M2, g),i.e., D(y) = 0. Therefore, we obtain

ID(el.Sz)(llf)|2 = [I|§|l/f|2 = |w|§|1/f|2

In dimension n = 2 the L>-length of a 1-form depends only on the conformal structure,
i.e., if the metrics g = h*g, and g, are conformally equivalent, then for any 1-form w the
formula

23042 — 1ol2 2
lwl? dM? = |o|?, dM?,
holds. Now we integrate:
1 1
/ |D1-e2) (y) |2 dM? = / ;ﬁ|a)|§0 dT? = n3|e1v} + e2031? / ﬁdrz.
M2 T2 T2
On the other hand, we have
1
/ll//|2dM2 =/—h4dT2= h%dT?;

h2
M2 T2 72
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finally, we obtain
(1/h*) dT?

D(Sl.f?z) 2dM2 )
S| DIPAM it + e L2 i
fM2|1/f|2dM2 f’["lh_de

This equality finishes the proof of Theorem 4.

4. The first eigenvalue of the Dirac operator on the ellipsoid with S'-symmetry

We now discuss the first eigenvalue of the Dirac operator on the ellipsoid E(a) C R?
with S'-symmetry defined by the equation

ZZ
x2+y2+—2=1.
a

For the calculations we will use the following convenient parametrization of E(a):

x=+v1—wcosg, y=+1—-wlsing, z=a-w,

where the parameters (w, ¢) are restricted to the intervals —1 < w <1, 0 < ¢ < 2n. For
brevity we introduce the function

As(w) = (1 —a®)w? +a>.

Then the Riemannian metric ds2, the Gaussian curvature G, the mean curvature H and the
volume form dE (a) are given by the formulas:

(1) ds? = (A (w)/(1 — w?) dw? + (1 — w?) dp?;

Q) H* = (@ /H A} w){Aa(w) + 1}%

3) G=a’A*(w);

@) dE@) = AY*(w)dw A dg.

4.1. Evaluation of the extrinsic upper bounds

We shall use the extrinsic upper bound for the eigenvalue of the Dirac operator for the
family of functions fg defined by

fp=2aw), B>1

Notice that fz is just the Sth power of (a multiple of) 1/ V/G. The length of the gradient of
the function fg on the ellipsoid is given by
(5) lgrad (fp)I* = 48(1 — a2 A w1 — w?).
Let us first discuss the case that the parameter a < 1 is small. Then a’ < Ag (w) < 1holds
and we can estimate the first integral appearing in Theorem 1:
1
0< f Hf}dE(a) < 4na® f A2 () dw.
E(a) 0
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The latter integral may be rewritten using the transformation /1 — a2 w = ax, thus
yielding

(1/a)/1—a?

42
/ (1 + x2)2P=3/2 4x.

0< / H2f2dE(a) < dn
4 V1-a?

Elua)

We shall prove that for all 8 > %

lim [ H?f;dE()=0.

a—0

Ela)

28-5/2

Indeed, in case 8 > %, we have A, (w) 1 and the result follows immediately.

If 3 < B < 3, we use the inequality a’ Ag(w), ie., AP Pw) < a¥s.
Finally, consider the case that % < B < %. Then one has 1 < % - 28 < %, and hence,
(14 x2) < (1 + x2)%/2728  which implies

=
=

(Haya/1-a? oc
dx
/ (1+x2)2’3_5/2dx5/1+x2<oo
0 0

and finishes the argument. In a similar way we show
1 1
lim / fldE@) = lim 4 / 22 () dw = 4n / WPt dw =
E(a) 0 0

2
2841

Finally, we investigate the integral

!

/ lgrad(fp)|> dE(a) = 167(1 — a*)* B> / AZP w1 — w?) dw.
E(a) 0
Using the Lebesgue theorem (f > %) we conclude

l
lim / |grad(f3)|* dE(a) = 16nﬁ2/w4f‘—3(1 —w)dw =4x
a—
E(a) 0

B
261

Since the first eigenvalue )\%(a) of the square of the Dirac operator on E (a) is bounded by
the expression

Jew H*I34E@) + [p,) lgrad(fp)* dE (@)

M) < ,
: Jew f3 dE(@)
we obtain
S . 1
Tl < B @B _,pREHD

a—0 B-D2r ~ T 28-1
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in the limit 4 — 0. The latter inequality holds for any § > % For 8 = 1 we obtain, for
example, the inequality

TimA3(a) < 6

a—0
and the optimal parameter § = 1/2 + 1/ /2 yields the estimate

Tima(a) <3+2vV2~58.

a—0
Later, this result will be sharpened with the aid of the intrinsic bounds; however, we already
get as a partial result that A% remains bounded.

We now discuss the case of a large parametera (a > 1). Itis convenient to write A, (w)
in the form A, (w) = (a? — 1)[a2/(a* — 1) — w?]. The formulas (1)~(5) used before imply

Ji (@ 18rad(fp)I* dE(@) ! ,fol[“2/(“2”1)‘w2]2ﬂ‘5/2w2(1—w2)dw.
Jew 15 dE@) a’—1 Jila?/@? — 1) — w2PF+1/2 dw

We compute again its limit for a — oo:
. fE(a) |grad(f3)|> dE (a)
lim . -0
a—>00 fE(a) fﬂ dE(a)
Thus, the asymptotic behaviour is dominated by the second term of the estimate:
2 £2 1 _
i JE@ B IAE@ 1 11— w2 dw
— I .
20 few fFAE@ 4 [J11— w212 dw

This yields the inequality

Tre _ L2128~1/2
- 1 1—w dw
lim A (a) < - fol[ ]
a—00 4 fo [1 — w2]28+1/2 4y

for any g > % The special value in case of the parameter 8 = 1 can easily be calculated
to be

-2 3
T i@ < 5
However, the inequality holds for any 8 > %; for 8 — oo we obtain the optimal result

lim A}(a) < 1.
a— oo

Remark 7. Let us point out that, for B = 1, the integral approximation of A%(a) is, on both
sides a — 0, 00, not the best one among the extrinsic upper bounds considered, but we may
come very close to the optimal value using the family of functions fg. The exact formula
holding for all parameters 0 < a < o< is in this case:

Q+Y¥a?+ 2aY)+ Ja® - 3a* - £a% f(a)
( + a2 + 3a%) — 3abf(a)

Aia) <

’
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Fig. .(0<a <)

where the function f(a) is given by

1 n 1 —+1—a? .
y a <1,
V1 —-g?

1 . a?—1
fla)=———=arcsin|{ ——— |, a>1.
a’—1 a

Fig. 1 (a € [0, 1) and Fig. 2 (a €]1, oo[) give an overview of the different extrinsic
bounds. The lower solid line is the only known lower bound proportional to the inverse
of the volume due to Lott and Bir; the upper solid line is the well-known upper bound
involving the integral over H? divided by the volume. The short dashed curve corresponds

to 8 = % in our family of functions; as seen before, this is the maximal value for 8 for

which the curve does not remain bounded as a — 0. Its limit fora — oo is % Finally, the

long dashed curve is the upper bound for § = 1 as discussed previously.

fla)=

a

4.2. Evaluation of the intrinsic upper bound

We now apply Theorem 2 to the ellipsoid E(a). We can find a uniformization map
@ : §? —> E(a) of the form @ (x, ¢) = (w(x), ¢). By formula (1) for dsg we obtain

Ag(w(x))

®*(ds) = T— w200

[w' ()1 dx? + (1 — w?(x)) dp?
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o ) 1 3 3 10 12 V)
Fig.2. (1 <a < x).
and the condition
4
*o12y _ 34 2, 242
ey (dsa) —ha(X)m{dx +x d(p }

implies the differential equation

Al /2
(w(x)) 1
BT - )
as well as the boundary conditions w(0) = 1 and w(oc) = —1. The function h‘a‘(x) is then
given by

2\2
B () = (1 — wl(x ))(“’x r

where w,(x) is the unique solution of the differential equation (x) depending on the pa-
rameter a. We calculate the gradient of h, (x) with respect to the standard metric

4
g = ﬁ{dﬁ + x? dg?)

I+x
of the sphere S? and finally obtain

o [ledtl o w1 w221
R S /;(Aé/"‘(wau)) +x2+1>
0

§2




1. Agricola, T. Friedrich/Journal of Geometry and Physics 30 (1999) 1-22 15

Theorem 2 then provides the inequality

47 Ii(a)
vol(E(a)) ' vol(E(a))’

The solution of the differential equation (*) has the symmetry w, (x) = —w,(1/x). Indeed,
suppose that w, (x) is a solution and consider w*(x) = —w,(1/x). Then w* solves again
the differential equation (*) and w*(0) = —w,(00) = 1, w*(00) = —w,(0) = —1. This
implies that, for any parameter 0 < a < oo, the solution w, (x) of the equation (*) vanishes
at x = 1. Consequently w,(x) is a decreasing function and we have

Af(a) <

w(x)>0 forl<x <1, O0<a<oo,
w,(x) <0 forl <x <o0, 0 <a < oc.

In particular, /;(a) may be reduced to an integral over the interval [0, 1]:

I

Ii(a) = /l ORI\
A I TN

0

We study again the limits for a — 0, oo. First we consider the case that a < 1. Then, for
all points 0 < x < I, we have

A1 watx)) = (1 = a0 + a2 2 V1 = a® wy(0),

and consequently,

Al wa) T waw ),

1 — wl(x) 1—w?

We integrate this inequality on the interval [y, 1]. Using the fact that w, (1) = 0, we obtain
the estimate

wi(y) < 1= y¥vVI=¢ o<y <1,

On the other hand, we have A(l,/ 2(wa (x)) < 1. This inequality implies

wt/l(‘x) < A(ll/z(wa(x))w;,(x) _ __l
1—wli(x) ~ 1 —wi(x) x’
and finally,
2
a(y) = , O0<y<l.
w:(}) =1+ y2 y

Altogether, for any x € [0, 1], we obtain the inequalities

1 — x> — 5
< lim x) < lim <1-x-.
1 +x2 — a—0 walx) < a—0 Wa(x) <

Now we apply the following observation: let w, be a sequence of numbers such that
@0l0<w, <1
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(b) lim, ,qw, > 0.
Then the sequence wa/Atll/2 with A; = (1 — az)wg +a? converges to 1, i.e.,

lim —4_ — 1.
i SNV e

In our situation we can conclude that
i W (x)
a=0 A,/ (w, (x))

and finally we are able to calculate the limit:

: 1 wu(x) x2 -1 ?
11m Ii(a) = hm n/ + =
-0 Pwaxy ~ X*+1
i 1

/1 1+x2_1>2d 4 / LA
= — X = 477 — ) ax
x x24+1 (1 +x2)2

0 0

Using lim,_,¢ vol (E(a)) = 27 we obtain

=1

3
——.2 X _3 N
31_[2))»1(0)52+2/(l__*_x—2)5dx—§+1n2~22

In a similar way we handle the case that a > 1. The inequalities (0 < x < 1)
1< Aa(wo(x) <
allow us to prove the estimate

1 — x2/a 1 —x2
m < welx) < 1+ 22

whichis validforall0 < x < 1anda > 1. However, the function w/ A(l/ 2 (w) is amonotone
decreasing function for w > 0. Consequently, we have

(A —x¥)/A+x¥ wax)
A = x¥a) /(1 + x29)) T AV (w, ()

and from this inequality we can deduce

<1

[ Wa x) - 4a’x?2/a
A (wa(x))) T (= aB)(A =222 a2(1 4 57y’
We split the integral I (a) into three parts:

1

2
_ 1 Wy (x) 2x2
womr [ (i) )

0
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1

1
3
=4ﬂ/_x_2_2dx+4n/< I/I:Ja(x) _1) xdx2
s (I+x9) A (wa(x)) I+x
|

0

2
1
+n[—(Tlf"£x)——1> dx.
b X\ AL " (wa(x))
We calculate the last term using the differential equation for w, (x) and obtain the value

of the integral. The volume vol (E(a)) of the ellipsoid behaves like m2a,ie.,

. Vvol(E(a)) 2
Iim ————— =gx°.
a—>oe a

Therefore, we can control the asymptotic behaviour of k%(a) fora — oc:

4 a Ii{(a) a

(@) < —
a vol (E(a)) a vol(E(a))

1
< 4 N 4/ x3 dx+1
ma  mwa ] (1+ x2)2 2
0

5. The first eigenvalue of the Dirac operator on the tube around a circle

We consider a circle with curvature « and length L = 27 /«. Let r be a fixed radius and
denote by M 2(r) its tube in R3 of radius r, r& < 1. The induced metric on the surface
M?(r) is given by the formula

g=(0—-r« cos ) ds? + r? dg?,

where we use the length parameter 0 < s < L for the circle and 0 < ¢ < 27 parametrizes
the angle of the tube. First of all we calculate a uniformization

@ [0, L] x [0, A] = [0, L] x [0, 2]

of this metric on T2, Suppose @ is given by the condition @ (s, ¥) = (s, ¢(¥)). Then the
equation @*(g) = h*(ds? + dy?) yields the differential equation

©'(¥) 1

1= recosp(¥))  r
and the function h = h(s, ¥) is given by

h? =ro' (¥) = 1 — re cos(p(¥)).

Using the integral (@ < 1)

f & __ 2 ((Ha)tg(%))
I—acost)  Jica \T/iza )
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we obtain the solution ¢ (i)

fﬂ('ﬂ) _ l—rK i/_zz
tg( 2 >_V1+rktg<2r ! er,b).

Since ¢(y) maps the interval [0, A] bijectively onto [0, 2], we conclude A = 2xr/
V1 — r2k2. Moreover, the function 4 is determined by

1= eW)/2)
1+ tg? (9(¥)/2)
1+ 1g2((1/2n)V1T = 22 )
1+rk + (1 — ric)tg2((1/2r) V1 = r2e2 )

Hence, we obtain a uniformization of the metric of the tube M?(r) parametrized on
[0, L] x [0, 2wr/+/1 — r?k2]. The basis of the lattice is

(L.0) (O 2nr )
vy =(L,0), v=|0, ———),
V1 —7r2k2

and thus the dual lattice has the basis

1 VT= 1232
vf:(—,O), v%:(O,#—).

W =1-rk cos(p(¥)y=1-rk

=(l—- r2K2)

2mr
By Theorem 4 we obtain the estimate

1 —r2k? ) frz (l/hz)de
£
2
r sz h2dr?

1
M < g (K281 +

for the first eigenvalue of the Dirac operator on the tube M2(r) with respect to the spin
structure (g1, £2). We compute these two integrals:

L A A 2
/thT2 = //hz(s, Y)dsdy = L-/r(p'(w,b)dv,b =Lr/ dg = 27rL,
T2 00 0 0
and
1 L ¢ 1 L ; r?
/ 2 T=7 ) = 7/ 0 recostop? V9V
T2 0 0
27

de
=Ilrf| ——M
/ (1 — rk cos(p))?
0

Consequently, this ratio is equal to

2
2 A/pHdT? /” d _ 1
[r2 h2dT? T o J (1 —rkcos(p))? (1 — r2x2)3/2°
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1 1 —r2g? 1
Ak, r) < 3 <K261 +— 62)

- r2K2)3/2’

The volume vol («, r) of the tube equals

vol (k,r) = 47r21
K

and we obtain the inequality

| — 22 I
)\%(K, ryvol(k,r) < 72 (rlcsl + r%x 87) (

\ Z

rE N 1 —r2g2)3/2°

Now we apply the inequality

“lgrad ()]
A, r)vol ik, r) < A7 (go) Vol (T2, g0) + / grahz( W ar2

72

()

to our situation. Since h? = r¢’(¥) = 1 — rrcos(p(yr)), we can calculate the gradient

of h:

lgrad ()2 rc® sin® ()9 ()

h2

4 1 —rkcos(p(y))

and, therefore, we obtain

2

dh 2 202
Jgrad ()1 —er/ASIH (¥) d —n—(l— l—rzkz).

72

h? 2

1 — rk cos(yp) Tk

Then we have proved the estimate

1 —ri? 1
)\%(K, ryvol (k, r) 57r2 (r/cel + i 82) .

rK

71.2 -
+ (1 = V1= r2%2).
rK

(%)

We discuss the inequalities (*) and (**) for the three non-trivial spin structures on the
tube. For all cases, we provide a figure in which the long dashed line represents the estimate
(%), and the short dashed line the estimate (xx). The x-axis uses the variable a = r«, the
y-axis is to be understood in multiples of 772. For comparison matters only, we have also
drawn the line for constant value 2.

Case 1 (¢; = 1, g5 = 0). In this case (see Fig. 3) we obtain

)\%(K, ryvol(k,r) < 7lri

)\%(K, ryvol(k,r) <

1
(1— r2K2)3/2 ’

2
T°rK 71'2

- - . _ 2.2
st (1Y ).

(%)

(%)
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Fig.3.(e1 =1, = 0).
In particular, we conclude
lim A%(/c, ryvol (k,r) = lim A%(/c, ryvol («,r) =0.
r—0 k=0
Case 2 (61 =0, &2 = 1). In this case (see Fig. 4) the inequalities are
R rvoltery < =L *)
K,r)vol(k,r) < ———, *
! rk /1 —r2?
2
A, r)vol (k,r) < —, (%)
ri
and in particular, we conclude
N 42 2
lim Ay, r)vol(k,r) < m~”.
re—1
Case 3 (¢} = 1 = &;). In this case we obtain the estimates
2
k14 1
A2, ryvol (k, r < — *
1( ) ( ) = ri (1 —r2/c2)3/2 ( )
)
(1 -v1- r2/c2) . (xx)

2 1

4
A2 k,r)vol(k,r) < — ———
10, r)vol ( )_m _1—r2x2+rx
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Fig. 4. (g =0.e2 = 1).

Let us compare these estimates obtained via the uniformization of the tube with the estimate
using the embedding M?(r) C R>. Notice that the embedding induces the spin structure
2 1

€y = 1 = g7 on the tube. Then we obtain
/\.%(K, ryvol(k,r) < / szMz(r) < E——— (% % %)
- Tork /1 —r2?

M2(r)
1.e., the extrinsic bound (drawn as a solid line in Fig. 5) for /\% is better than the intrinsic

estimates.

Case 4 (¢; = 0 = g7). In this case Ag(D) = 0 is an eigenvalue of the Dirac oper-
ator and Theorem 3 yields the following estimate for the first non-trivial eigenvalue /\?

fozn de/(1 — rk cos @)*
de/(1 —rk cosgo)z.

2 . 2 1
Aj(k,r) < min {2« )
r 2
Jo

In particular, we obtain
lim A3(k,r) =0, Tim A(x,r) < 2«7
k—0 r—0
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107

Fig.5. (e =1 = ¢&9).

and

lim A% (x,r) vol (i, r) = 0.
rea—0
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